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Abstract. We discuss the Chern-Simons theory in three-dimensional curved space-time in the
vielbein formalism. Due to the additional presence of the local Lorentz symmetry, beside the
diffeomorphisms, we will include a local gravitational supersymmetry (superdiffeomorphisms
and super-Lorentz transformations), which allows us to show the perturbative finiteness at all
orders.
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1 Introduction
Topological gauge theories4, at least in a Landau type gauge5, possess an interesting
kind of symmetry, namely the linear vector supersymmetry [5]. This feature has been
extensively discussed by several groups for a whole class of topological field theories,
including the BF models [6, 7, 8, 9, 10], the bosonic and the fermionic string, respectively
in the Beltrami and super-Beltrami parametrization [11, 12, 13, 14], four-dimensional
topological Yang-Mills theory [15, 16], etc.
Another interesting topological example is the Chern-Simons theory [1, 17, 18, 19, 20]
in three-dimensional flat space-time formulated in the Landau gauge. Indeed, it is in-
variant under a set of supersymmetry transformations whose generators form a Lorentz
three-vector [21, 22, 23, 24]. There, the generators of BRS transformations, supersym-
metry and translations obey a graded algebra of the Wess-Zumino type, which closes on
the translations. With the help of this supersymmetric structure one is able to show the
perturbative finiteness of such a theory [24, 25].
On an arbitrary curved space-time three-manifold, a local version of this supersymme-
try for the Chern-Simons theory in the Landau gauge was derived in [23] and it has also
been shown that, in the perturbative approach, this local supersymmetry is anomaly-free
and that the theory is UV finite. In [23], the Einstein formalism was used to describe the
explicit metric dependence of the gauge-fixing term6. Starting from the requirement of
invariance under diffeomorphisms, a local supersymmetry for diffeomorphisms has been
constructed, which together with the BRS transformations form a closed graded algebra.
In the present paper we extend the discussion of [23] in such a way that we are
using the vielbein formalism to describe the local version of the Chern-Simons theory
on a three-manifold. This allows us to incorporate also torsion. Then, instead of only
imposing diffeomorphism invariance, we demand invariance of the action under gravity
transformations, which include beside the diffeomorphisms also local Lorentz rotations.
This generalization of the approach leads to a local gravitational supersymmetry, which
contains both superdiffeomorphisms and super-Lorentz transformations.
This work is organized as follows. In section 2 we briefly introduce the vielbein for-
malism and describe the geometry with the Cartan structure equations. An important
fact is the independence of the model with respect to the affine spin connection and the
torsion. We will also formulate the local theory by demanding the invariance under local
gravity transformations. It has been shown that the “physical” content of the theory is
metric independent [18, 26, 27, 28, 29, 30], because the vielbein (or the metric) plays the
role of a gauge parameter. In order to control the vielbein dependence, which follows
from the Landau gauge fixing, we extend the BRS transformations [23, 31] and introduce
the vielbein in a BRS doublet, which guarantees its non-physical meaning.
The discussion of the symmetry content of that local theory will follow in section 3.
4See [1] for a general review.
5Some non-covariant gauges, like the axial gauge, are also possible [2, 3, 4].
6Remark that although the invariant Chern-Simons action is topological, the gauge-fixing is not metric
independent.
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As it will be shown, beside the superdiffeomorphisms, a further symmetry exists, which
will be called super-Lorentz transformations, and both can be combined to give a local
gravitational supersymmetry, which breaks the gauge-fixed action at the functional level.
Indeed, the corresponding Ward identity contains a “hard” breaking term, i.e. a non-
linear term in the quantum fields. Fortunately, we are able to control this breaking by
means of a standard procedure [32] using the fact, that the breaking is a BRS-exact term.
Thus, we enlarge the BRS transformations by introducing a set of external fields grouped
in a BRS doublet. This allows us to present the local gravitational supersymmetry in
terms of unbroken Ward identities. The Ward operator of this supersymmetry, together
with the Ward operator of gravity and the linearized Slavnov operator, form then a closed
linear graded algebra.
Section 4 is devoted to the study of the stability and the finiteness of the local Chern-
Simons theory. The whole set of constraints (gauge condition, ghost equation, antighost
equation, Slavnov identity, Ward identities for gravity and gravitational supersymmetry),
which are fulfilled by the classical action, completely fixes the total action, i.e. it forbids
any deformations of it. Furthermore, it will be shown that all the symmetries are free of
anomalies. The stability of the classical theory, together with the possibility of extending
the classical constraints to all orders of perturbation theory, ensures UV finiteness of the
quantum theory [23].
In the appendix one finds an analysis with respect to the trivial counterterms and
their parameter independence.
2 Local Chern-Simons theory in curved space-time
at the classical level
The classical invariant Chern-Simons action ΣCS can be written in the space of forms
according to7
ΣCS = −
1
2
∫
M
(
AAdAA +
λ
3
fABCAAABAC
)
, (2.1)
where the gauge field AA = AAµdx
µ has form degree one and d = dxµ∂µ denotes the
exterior derivative. The coupling constant λ is related to the parameter k by λ2 = 2pi/k
(see [18, 19, 23]). We also assume that the gauge group is compact and that all fields
belong to its adjoint representation with fABC as structure constants8.
As usual, one has to fix the gauge. We choose a Landau type gauge fixing procedure.
For the curved space case we consider here, this gauge fixing term will be implemented by
means of the well-known Cartan approach. This formalism allows us to describe a general
Riemannian manifoldM with the help of the vielbein eaµ(x) and the affine spin connection
7The wedge product ∧ has to be understood in the space of forms.
8Gauge group indices are denoted by capital Latin letters (A,B,C, ...) and refer to the adjoint repre-
sentation, [GA, GB] = fABCGC , Tr(GAGB) = δAB.
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ωabµ(x). The endowed metric gµν(x) on M in local coordinates can be decomposed as
gµν = e
a
µe
b
νηab , (2.2)
where ηab denotes the Euclidean metric in the tangent space
9. In order to describe the
inverse metric gµν(x) one needs the inverse vielbein Eµa (x) which is related to the vielbein
by
eaµE
µ
b = δ
a
b , e
a
µE
ν
a = δ
ν
µ . (2.3)
Therefore, gµν(x) takes the form
gµν = EµaE
ν
b η
ab , (2.4)
In order to describe symmetry transformations, one introduces also the affine spin con-
nection ωabµ, which is antisymmetric in the indices (ab). Both, the vielbein and the affine
spin connection can be written in terms of forms according to
ea = eaµdx
µ , ωab = ωabµdx
µ = ωabme
m . (2.5)
Finally, we are able to write down the Cartan structure equations which are defined as
T a = dea + ωabe
b =
1
2
T aµνdx
µdxν =
1
2
T amne
men , (2.6)
Rab = dω
a
b + ω
a
cω
c
b =
1
2
Rabµνdx
µdxν =
1
2
Rabmne
men , (2.7)
with the torsion 2-form T a and the curvature 2-form Rab.
The Landau type gauge-fixing takes the following form
Σgf = −s
∫
d3x
[
eEµaE
νa(∂ν c¯
A)AAµ
]
, (2.8)
where e = det(eaµ) and E
µ
a = E
µ
a (e
b
ν). With s as the nilpotent BRS operator, the BRS
transformations are given by
sAA = DcA = dcA + λfABCABcC , (2.9)
scA =
λ
2
fABCcBcC , (2.10)
sc¯A = BA , (2.11)
sBA = 0 . (2.12)
One observes that the gauge-fixing term depends explicitely on the vielbein field and
therefore represents an inavoidable non-topological contribution. An important fact is,
that the vielbein ea plays the role of a gauge parameter. In order to guarantee its non-
physical meaning, we let it transform as a BRS doublet [23, 31]:
sea = eˆa , (2.13)
seˆa = 0 . (2.14)
9The tangent space indices (a, b, c, ...) are referred to the group SO(3).
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At this point let us remark that the vielbein, the affine spin connection and the torsion,
allow for a complete tangent space formulation of the Chern-Simons action which reads
ΣCS = −
1
2
∫
d3x εmnk
[
AAm∂nA
A
k + A
A
mA
A
l
(
1
2
T lnk − ω
l
kn
)
+
λ
3
fABCAAmA
B
nA
C
k
]
, (2.15)
where εmnk denotes the totally antisymmetric tensor with indices in the tangent space10.
On the other hand, by introducing the covariant derivative ∇µ with respect to the affine
connection Γρµν , which acts on an arbitrary covariant vector field in the usual way [33]
∇µXν = e
a
νDµ(E
ρ
aXρ) = ∂µXν − Γ
ρ
µνXρ , (2.16)
the invariant Chern-Simons action (2.1) can be rewritten as follows:
ΣCS = −
1
2
∫
d3x εµνρ
(
AAµ∇νA
A
ρ +
1
2
AAµA
A
λE
λ
l T
l
νρ +
λ
3
fABCAAµA
B
ν A
C
ρ
)
. (2.17)
Due to the presence of the totally antisymmetric contravariant tensor density εµνρ with
weight 1, the symmetric part of the affine connection vanishes and the antisymmetric part
of it will be canceled by the torsion term, i.e. (2.17) reduces to
ΣCS = −
1
2
∫
d3x εµνρ
(
AAµ∂νA
A
ρ +
λ
3
fABCAAµA
B
ν A
C
ρ
)
. (2.18)
All three formulations (2.15), (2.17) and (2.18) are completely equivalent to the original
Chern-Simons action (2.1), which implies that the model is independent of the affine
spin-connection ω and the torsion T .
In order to translate the BRS invariance of the gauge-fixed action into a Slavnov
identity, one has to couple the non-linear parts of the BRS transformations (2.9) and
(2.10) to external sources γµA and τA. In terms of forms, these two external sources
correspond to the dual 2-form γ˜A and the dual 3-form τ˜A
γ˜A =
1
2
εµνργ
ρAdxµdxν , (2.19)
τ˜A =
1
6
εµνρτ
Adxµdxνdxρ , (2.20)
where εµνρ is the totally antisymmetric covariant tensor density with weight -1. This
implies that γµA is a contravariant vector density and τA is a scalar density, both with
weights 1. The contribution from the external sources to the complete action hence writes
in terms of forms
Σext =
∫
M
(
γ˜ADcA +
λ
2
fABC τ˜AcBcC
)
, (2.21)
or in components
Σext =
∫
d3x
(
−γµADµc
A +
λ
2
fABCτAcBcC
)
, (2.22)
10Through our definition εmnk = emµ e
n
ν e
k
ρε
µνρ, with εµνρ as the totally antisymmetric contravariant
tensor density with weight 1, εmnk is a scalar density with weight 1 under diffeomorphisms.
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with the BRS transformations
sγ˜A = sτ˜A = 0 . (2.23)
So far, the total Chern-Simons action in the Landau gauge with external sources
Σ = ΣCS + Σgf + Σext (2.24)
is invariant under the BRS transformations11.
At the functional level, this invariance is implemented by means of the Slavnov identity
S(Σ) =
∫
d3x
(
δΣ
δγµA
δΣ
δAAµ
+
δΣ
δτA
δΣ
δcA
+BA
δΣ
δc¯A
+ eˆaµ
δΣ
δeaµ
)
= 0 , (2.25)
and the corresponding linearized Slavnov operator SΣ writes
SΣ =
∫
d3x
(
δΣ
δγµA
δ
δAAµ
+
δΣ
δAAµ
δ
δγµA
+
δΣ
δτA
δ
δcA
+
δΣ
δcA
δ
δτA
+BA
δ
δc¯A
+ eˆaµ
δ
δeaµ
)
. (2.26)
Moreover, the classical action Σ (2.24) fulfills the gauge condition
δΣ
δBA
= ∂µ(eE
µ
aE
νaAAν ) , (2.27)
and the ghost equation of motion
(
δ
δc¯A
+ ∂µ(eE
µ
aE
νa δ
δγνA
)
)
Σ = −∂µ
(
s(eEµaE
νa)AAν
)
, (2.28)
which one easily finds by (anti-)commuting the gauge condition with the Slavnov iden-
tity [24]. The homogenous ghost equation implies that the external field γµA and the
antighost c¯A can only appear through the combination χµA = γµA + eEµaE
νa∂ν c¯
A, which
when written as a dual 2-form is given by
χ˜A = γ˜A +
1
2
εµνρeE
ρ
aE
σa(∂σ c¯
A)dxµdxν . (2.29)
In addition, the action (2.24) fulfills a further global constraint, namely the antighost
equation [34]
∫
d3x
(
δΣ
δcA
+ λfABC c¯B
δΣ
δBC
)
=
∫
M
λfABC
(
γ˜BAC + τ˜BcC
)
. (2.30)
Furthermore, (2.24) possesses other symmetries of the gravitational type which will be
discussed in the next section.
11The total action (2.24) is by construction invariant under diffeomorphisms and local Lorentz
transformations.
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3 Gravitational type symmetries of the classical ac-
tion
In the last paragraph we have stated the complete action (2.24) for the Chern-Simons
model in the vielbein formalism. We showed that such a formulation allows us to con-
sider the general case for a Riemannian ManifoldM. We also exhibit its BRS invariance.
Moreover, this model contains a larger class of invariances. Indeed, in the Einstein formal-
ism, Σ is invariant under the diffeomorphisms and the superdiffeomorphisms [23]. In the
Cartan framework, one has in addition also the local Lorentz symmetry which describes
the invariance of the theory under local rotations. At this point, it is legitim to ask if
there exists another symmetry beside the superdiffeomorphisms. As one will see, such a
symmetry exists and will be called local super-Lorentz transformations throughout this
paper.
In what follows, diffeomorphisms and local Lorentz transformations will be combined
in the so-called local gravity transformations. Analogously, the superdiffeomorphisms
and the super-Lorentz symmetry will generate a set of local gravitational supersymmetry
transformations12
The gravity transformations of the elementary fields ϕ = A, c, c¯, B, γ, τ, e, eˆ are given
by:
δgr(ε,Ω)ϕ = Lεϕ+ δΩϕ , (3.1)
where εµ and Ωab are the infinitesimal parameters of diffeomorphisms and local Lorentz
transformations respectively, both with ghost number +1. The symbol Lε denotes the
usual Lie derivative in the direction of εµ and δΩ describes the Lorentz rotation opera-
tor. At the functional level, the invariance of the classical action (2.24) under gravity
transformations is expressed by a Ward identity
Wgr(ε,Ω)Σ = 0 , (3.2)
where Wgr(ε,Ω) denotes the Ward operator
Wgr(ε,Ω) =
∫
d3x
∑
ϕ
(
δgr(ε,Ω)ϕ
) δ
δϕ
. (3.3)
Concerning the aforementioned local gravitational supersymmetry, let us consider the
following infinitesimal transformations:
δS(ξ,θ)c
A = −ξµAAµ , δ
S
(ξ,θ)A
A
µ = εµνρξ
νχρA ,
δS(ξ,θ)χ
µA = δS(ξ,θ)γ
µA = −ξµτA , δS(ξ,θ)τ
A = 0 ,
δS(ξ,θ)B
A = δgr(ξ,θ)c¯
A , δS(ξ,θ)c¯
A = 0 ,
δS(ξ,θ)eˆ
a
µ = δ
gr
(ξ,θ)e
a
µ , δ
S
(ξ,θ)e
a
µ = 0 ,
(3.4)
12This local gravitational supersymmetry has nothing to do with the ordinary Wess-Zumino type
supersymmetry [35].
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where ξµ and θab are the infinitesimal parameters of superdiffeomorphisms and super-
Lorentz transformations carrying ghost number +2.
Analogously to (3.3), the Ward operator related to (3.4) is given by
WS(ξ,θ) =
∫
d3x
∑
ϕ
(
δS(ξ,θ)ϕ
) δ
δϕ
. (3.5)
After some calculations the corresponding Ward identity takes the form
WS(ξ,θ)Σ = ∆
cl
(ξ) +
∫
d3x ξλs(eaλeµaΞ
µ) , (3.6)
where the classical breaking writes13
∆cl(ξ) =
∫
d3x
[
−γµALξA
A
µ + τ
ALξc
A − εµνρξ
µγνAs(eEρaE
σa∂σ c¯
A)
]
, (3.7)
and the field polynomial Ξµ stands for
Ξµ =
1
2
εµνρ(∂ν c¯
A)(∂ρc¯
A) . (3.8)
This means that the local gravitational supersymmetry is broken by two kinds of
terms. One linear in the quantum fields and a second which is quadratic and corresponds
to the hard breaking. In the renormalization procedure, the latter needs more attention.
It can be absorbed in the original action (2.24) by coupling it to two further auxiliary
fields, namely Mµ and Lµ, forming a BRS doublet [32]
sMµ = Lµ , sLµ = 0 . (3.9)
The corresponding action term writes
ΣL,M = −
∫
d3x (LµΞ
µ −MµsΞ
µ) . (3.10)
This leads to the following modified total action
Σ = ΣCS + Σext + Σgf + ΣL,M , (3.11)
which fulfills the Ward identity
WS(ξ,θ)Σ = ∆
cl
(ξ) . (3.12)
The hard breaking of (3.6) is now controlled by the auxilliary fields Mµ and Lµ.
The local gravitational supersymmetry transformations are given by
δS(ξ,θ)Lµ = LξMµ + eˆ
a
µeνaξ
ν + eaµeˆνaξ
ν ,
δS(ξ,θ)Mµ = −e
a
µeνaξ
ν . (3.13)
13Let us remark, that the breaking does not depend on the super-Lorentz parameter θ altough it is
present in (3.4).
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The contributions of these new fields Lµ and Mµ have to be incorporated in the Ward
operators of gravity and gravitational supersymmetry in such a way that the summation
over the fields ϕ in (3.3) and (3.5) includes L and M .
Moreover, the Slavnov identity (2.25) reads now:
S(Σ) =
∫
d3x
(
δΣ
δγµA
δΣ
δAAµ
+
δΣ
δτA
δΣ
δcA
+BA
δΣ
δc¯A
+ eˆaµ
δΣ
δeaµ
+ Lµ
δΣ
δMµ
)
= 0 . (3.14)
We display now the resultant linear algebra obeyed by the three operators introduced
before, namely the linearized Slavnov operator SΣ, the Ward operators of gravity Wgr
and of gravitational supersymmetry WS:
SΣSΣ = 0 ,
{
SΣ,W
gr
(ε,Ω)
}
= 0 ,
{
Wgr(ε,Ω),W
gr
(ε′,Ω′)
}
= −Wgr({(ε,Ω),(ε′,Ω′)}) ,
{
SΣ,W
S
(ξ,θ)
}
= Wgr(ξ,θ) ,
{
Wgr(ε,Ω),W
S
(ξ,θ)
}
= −WS([(ε,Ω),(ξ,θ)]) ,
{
WS(ξ,θ),W
S
(ξ′,θ′)
}
= 0 , (3.15)
where the new Ward operators on the r.h.s. are explicitely given by14
Wgr({(ε,Ω),(ε′,Ω′)}) =
∫
d3x
∑
ϕ
{
δgr(ε,Ω), δ
gr
(ε′,Ω′)
}
ϕ
δ
δϕ
, (3.16)
WS([(ε,Ω),(ξ,θ)]) =
∫
d3x
[
εµνρ(Lεξ
ν)χρA
δ
δAAµ
− (Lεξ
µ)AAµ
δ
δcA
+ [Lε,Lξ]c¯
A δ
δBA
−(Lεξ
µ)τA
δ
δγµA
+ [δgr(ε,Ω), δ
gr
(ξ,θ)]e
a
µ
δ
δeˆaµ
− eaµeνa(Lεξ
ν)
δ
δMµ
+
(
[Lε,Lξ]Mµ + (eˆ
a
µeνa + e
a
µeˆνa)(Lεξ
ν)
) δ
δLµ
]
. (3.17)
Starting with the gravitational invariances of the total action, we have constructed
a local gravitational supersymmetry, which together with the Slavnov operator form a
closed linear graded algebra.
14Remark that Lεε′ν = {ε, ε′}ν and Lεξν = [ε, ξ]ν .
8
4 Stability and Finitness
We are now in position to address the problem of quantizing the theory. It is well-known,
that this procedure can be achieved by solving the following independant problems. The
stability problem of the theory leads to the discussion of the most general deformation
of the classical action induced by quantum corrections and the anomaly problem with
respect to a generalized nilpotent symmetry operator, which is related to the validity of
the classical symmetries at the quantum level.
Let us hence start with the classical action
Σ = ΣCS + Σext + Σgf + ΣL,M ,
we have constructed in the previous sections as a solution of:
1. the gauge condition15 (2.27) ,
2. the ghost equation16 (2.28) ,
3. the Slavnov identity (3.14) ,
4. the Ward identitiy for gravity (3.2) ,
5. the Ward identity for gravitational supersymmetry (3.12) ,
6. the antighost equation (2.30) .
In order to study the influence of quantum corrections, we now look at the most general
action Σ′, which fulfills the same set of constraints. More precisely, we consider
Σ′ = Σ+∆ ,
where the perturbation ∆ is an integrated local field polynomial of dimension zero and
ghost number zero. The latter is constrained by:
δ∆
δBA
= 0 , (4.3)(
δ
δc¯A
+ ∂µ(eE
µ
aE
νa δ
δγνA
)
)
∆ = 0 , (4.4)
15Through the presence of L and M the gauge condition is modified into:
δΣ
δBA
= ∂µ(eE
µ
aE
νaAAν ) + ε
µνρ(∂µMν)∂ρc¯
A . (4.1)
16Also for the ghost equation one has now:(
δ
δc¯A
+ ∂µ(eE
µ
aE
νa δ
δγνA
)
)
Σ = −∂µ
(
s(eEµaE
νa)AAν
)
+ εµνρ∂µ(Mν∂ρB
A − Lν∂ρc¯
A) . (4.2)
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SΣ∆ = 0 , (4.5)
Wgr(ε,Ω)∆ = 0 , (4.6)
WS(ξ,θ)∆ = 0 , (4.7)∫
d3x
(
δ∆
δcA
+ λfABC c¯B
δ∆
δBC
)
= 0 . (4.8)
At this point we can notice that, due to the first two equations (4.3) and (4.4), the
perturbation ∆ is independent of B, and that it depends on the antighost c¯ and the
external field γµ through the combination χµ (2.29), i.e. ∆ = ∆(A, c, χ, τ, ea, eˆa,M, L).
Therefore, the last equation (4.8) reduces to
∫
d3x
δ∆
δcA
= 0 .
The remaining three equations can be condensed into a single cohomology problem
δ∆ = 0 , (4.9)
where17
δ = SΣ +W
gr
(ε,Ω) +W
S
(ξ,θ) . (4.10)
Indeed, δ can be transformed into a coboundary operator (δ2 = 0) if we let it act on
the infinitesimal parameters (ε, ξ, θ,Ω) in the following way:
δεµ =
1
2
{ε, ε}µ − ξµ , (4.11)
δξµ = [ε, ξ]µ , (4.12)
δΩab = Ω
a
cΩ
c
b − θ
a
b + LεΩ
a
b , (4.13)
δθab = −θ
a
cΩ
c
b + Ω
a
cθ
c
b + Lεθ
a
b −LξΩ
a
b . (4.14)
The full list of ghost numbers and form degrees is given in Table 1.
A c χ˜ τ˜ M L e eˆ d ε ξ Ω θ
Dimension 1 0 2 3 -1 -1 0 0 1 -1 -1 0 0
ΦΠ 0 1 -1 -2 1 2 0 1 0 1 2 1 2
Form degree 1 0 2 3 1 1 1 1 1 0 0 0 0
Table 1: Dimensions, ghost numbers and form degrees.
In order to solve the cohomology problem, we will use the following general result:
the cohomology of a general non-homogenous18 coboundary operator δ is isomorphic to
17Let us remind that the two Ward operators Wgr(ε,Ω) and W
S
(ξ,θ) carry ghost number one, just as the
linearized Slavnov operator SΣ.
18We speak here about homogeneity in the field, a degree 1 is attributed to all the fields of the theory
including the parameters.
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a subspace of the cohomology of its homogenous part [24, 36, 37, 38]. Therefore, we first
split the operator δ as
δ = δ0 + δ1 ,
where δ0 is the part of δ which does not increase the homogeneity degree whereas δ1
contains the remaining part. One can easily check that both δ0 and δ1 are nilpotent
δ20 = {δ0, δ1} = δ
2
1 = 0 .
In a first step, we look for the solution of the following simplified cohomology problem:
δ0∆(A, c, χ, τ, e
a, eˆa,M, L) = 0 , (4.15)
where the δ0 transformations are just the homogeneity preserving part of the transforma-
tion δ, that is
δ0A
A
µ = −∂µc
A ,
δ0c
A = 0 ,
δ0χ
µA = −εµνρ∂νAAρ ,
δ0τ
A = −∂µχµA ,
δ0e
a
µ = eˆ
a
µ , δ0eˆ
a
µ = 0 ,
δ0Mµ = Lµ , δ0Lµ = 0 ,
δ0ε
µ = −ξµ , δ0ξµ = 0 ,
δ0Ω
a
b = −θab , δ0θab = 0 ,
(4.16)
where all the fields which appear in doublets are out of the cohomology [24]. The trans-
formation laws for the relevant fields, in the space of forms, are
δ0A
A = dcA , δ0c
A = 0 ,
δ0χ˜
A = −dAA , δ0τ˜A = dχ˜A .
(4.17)
Thus, we have to look at the integrated polynomial ∆(A, c, χ˜, τ˜) with dimension 0 and
ghost number 0:
∆ =
∫
M
f 03 , (4.18)
where we use the notation f qp for a local polynomial of form degree p and ghost number
q. The cohomology problem (4.15) is equivalent to
δ0f
0
3 = −df
1
2 . (4.19)
At this point, we use the facts that the operator δ0 is nilpotent, that it anticommutes with
the external derivative d and that the cohomology of d is trivial in the space of local field
polynomials [24, 39]. This allows us to write the following tower of descent equations
δ0f
1
2 = −df
2
1 ,
δ0f
2
1 = −df
3
0 , (4.20)
δ0f
3
0 = 0 .
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The general solution for f 30 in (4.20) is a multiple of f
ABCcAcBcC which is the only
polynomial in the field which has form degree 0 and ghost number 3. Then, at the level
of f 03 , this gives the following local solution
f 03 = αf
ABC
(
−AAABAC + 6AAχ˜BcC + 3τ˜AcBcC
)
,
where trivial terms of the form (δ0l
−1
3 +dl
0
2) have been droped out and α is some constant.
Therefore, at the integrated level, the solution of the homogenous cohomology problem
takes the form
∆ = α∆c + δ0∆˜ , (4.21)
with
∆c =
∫
M
fABC
(
−AAABAC + 6AAχ˜BcC + 3τ˜AcBcC
)
. (4.22)
At this point, we have to extend our result to the full cohomology operator (4.10). It is
straightforward to check that ∆c also satisfies δ∆c = 0. Therefore, the solution of the full
δ cohomology problem takes the form
∆ = α∆c + ∆¯ , (4.23)
with ∆¯ = δ∆ˆ.
At this step, it is more simpler to discuss the problem at the level of ∆¯ than the one
of ∆ˆ. Indeed, we know that ∆¯ directly satisfies the constraints (4.3)-(4.8). The same
restrictions for ∆ˆ have to be check case by case, because they strongly depend on the
coboundary operator δ. Therefore, let us first look at all the possible terms with ghost
number 0 and form degree 3 one can built with the set of fields in Table 1. These terms
are19:
fABCAAABAC ,
fABCAAcBχ˜C ,
fABCcAcB τ˜C , (4.24)
AAdAA ,
cAdχ˜A .
The first three terms are the non-trivial ones, their invariant combination being ∆c.
Therefore, the most general solution for ∆¯ is given by
∆¯ =
∫
M
[
β1
(
AAdAA
)
+ β2
(
cAdχ˜A
)]
. (4.25)
The parameters β1 and β2 have to be fixed to zero by imposing the invariance of (4.23):
δ
(
α∆c + ∆¯
)
= δ
∫
M
[
β1
(
AAdAA
)
+ β2
(
cAdχ˜A
)]
= 0 . (4.26)
19Actually, there are further terms depending on the parameters of the transformations which may be
possible. Their irrelevance is analyzed in the appendix.
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Then, the most general deformation of the classical action is just α∆c which would cor-
respond to a continuous renormalization of the parameter λ of the model. But such a
term is forbidden by the antighost equation (4.8). Therefore, the classical action admits
no deformation.
The remaining part to examine concerns the anomalies. It is well-known, that anoma-
lies would correspond to a term of ghost number one. Thus, in our case, it would be of
the form ∆ =
∫
M f
1
3 . In order to determine such a term, let us use the same method as
before. That is, to look first at the non-trivial solution of the following descent equations:
δ0f
1
3 = −df
2
2 , (4.27)
δ0f
2
2 = −df
3
1 , (4.28)
δ0f
3
1 = −df
4
0 , (4.29)
δ0f
4
0 = 0 . (4.30)
The only possible zero form for f 40 is
f 40 = t
[ABCD]cAcBcCcD ,
which is zero due to the absence of such a four rank, totally antisymmetric, invariant
tensor. Therefore, the triviality of the δ0 cohomology implies that of the full δ one and
this concludes the proof of the absence of anomalies.
The consequences of the previous analysis are the following. The absence of countert-
erms is responsible for the stability of the extended classical action, i.e. the action which
satisfies the constraints listed at the beginning of this section. This guarantees that the
number of parameters of the theory remains fixed. In such a case, the renormalizability of
the theory is proved by showing that the set of constraints are also valid at the quantum
level. It is well-known, that the gauge condition (2.27), the ghost equation (2.28) and
the antighost equation (2.30) fulfill this requirement [34, 40]. Nevertheless, in our case,
we see that the hard breaking of (3.6) enforces us to extend our model by including the
field doublet (L,M). Thus, the gauge condition and the ghost equation are also extended
to (4.1) and (4.2) in order to be consistent. These modifications are linear in the quantum
fields. Therefore the resultant conditions remain renormalizable.
The remaining constraints, i.e. the Slavnov and Ward identities, due to the absence
of anomalies, also survive at the quantum level. Thus, the theory is UV finite.
Conclusions
The Chern-Simons theory in curved space-time [23] was reanalyzed in the vielbein for-
malism. We have seen the explicit independence of the model with respect to the affine
spin connection and the torsion. The main extension lies in the additional local Lorentz
symmetry and its corresponding local supersymmetry. The resultant graded algebra gen-
erated by the Ward operators has the same structure, but now with the local gravity
transformations and the local gravitational supersymmetry instead of diffeomorphisms
and superdiffeomorphisms respectively.
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Although the additional exact symmetries require two further parameters, they do not
change the stability property. They are also free of anomalies.
Then the UV finiteness follows, provided the existence of a consistent substraction
scheme. This require that the manifold must be topologically equivalent to a flat space
and possess an asymptotically flat metric.
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Appendix: Analysis of the trivial part of the countert-
erms
The most general deformation of the classical action is given by
∆ = α∆c + ∆¯ , ∆¯ = δ∆ˆ , (A.1)
where ∆ is an integrated local polynomial in the fields with dimension 0 and ghost number
0, which is the solution of the full cohomology problem for the operator δ defined in (4.10):
δ∆ = 0 . (A.2)
The non-trivial part ∆c has already been determined (4.22). The perturbation ∆ and
therefore also ∆¯ cannot depend on the fields (ε,Ω) and (ξ, θ), since they are noth-
ing else than infinitesimal parameters of the corresponding field transformations. Fur-
thermore, both have to fulfill the constraints (4.3) and (4.4). This means that ∆¯ =
∆¯(A, c, χ, τ, ea, eˆa,M, L). But, due to the fact that the full cohomology operator δ (4.10)
is nilpotent only if it acts on the parameters, it could be possible that ∆ˆ depends on the
parameter fields.
In the following, we want to discuss the trivial part of the solution of the cohomology
problem at the level of ∆ˆ. To do this, we are looking first to the validity of the constraints
(4.3) and (4.4) for ∆ˆ.
Let us introduce the bosonic filtering operator
N =
∫
d3x
(
BA
δ
δBA
+ c¯A
δ
δc¯A
)
. (A.3)
Due to the independence of ∆ with respect to B (4.3) and c¯ (4.4), this implies that
N∆ = 0 . (A.4)
If we define now the fermionic operator
R =
∫
d3x
(
c¯A
δ
δBA
)
, (A.5)
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it follows from (4.3) that R∆ = 0. Therefore, the anticommutator between δ and R
acting on ∆ yields
{δ,R}∆ = N∆ . (A.6)
Here, it is important to consider the counterterm ∆ and not the full action Σ. Indeed,
if we act with the same combination on Σ, we would get some contributions from the
breaking in (3.12), but for the counterterm ∆ such breaking is not present. Therefore,
using the Jacobi identity, we get the vanishing commutator
[N , δ]∆ = 0 , (A.7)
which is precisely the starting point for the general procedure. Following [39], it is clear
that the expansion of ∆ in terms of eigenvectors of N
∆ =
n¯∑
n=0
∆(n) , N∆(n) = n∆(n) , (A.8)
leads to
δ∆(n) = 0 . (A.9)
With the equations (A.1), (A.4) and (A.7) one finds
N ∆¯ = 0 = N δ∆ˆ = δN ∆ˆ = δ
n¯∑
n=1
n∆ˆ(n) , (A.10)
which implies
δ∆ˆ(n) = 0 ∀n ≥ 1 . (A.11)
Therefore, the only contribution to the counterterm has the form
∆¯ = δ∆ˆ(0) , (A.12)
with N ∆ˆ(0) = 0. This means that also ∆ˆ is independent of the fields B and c¯, but they
can depend on the parameter fields, i.e. ∆ˆ = ∆ˆ(A, c, χ, τ, ea, eˆa,M, L, ε,Ω, ξ, θ).
Indeed, for the complete set of possible terms with form degree 3 and ghost number 1
to ∆ˆ one has:
Λ1 = A
Aχ˜A ,
Λ2 = c
Aτ˜A ,
Λ3 = iεA
Aτ˜A ,
Λ4 = iεχ˜
Aχ˜A ,
Λ5 = iεiεχ˜
Aτ˜A ,
Λ6 = iεiεiετ˜
Aτ˜A ,
(A.13)
where iε denotes the inner derivative with respect to ε (e.g. iεA
A = εµAAµ ).
At the integrated level
∆ˆi =
∫
M
Λi , i = 1, ..., 6 (A.14)
15
the action of the operator δ yields
δ∆ˆ1 =
∫
M
[
−AAdAA + (dcA)χ˜A + (iξA
A)τ˜A + (iξχ˜
A)χ˜A
]
, (A.15)
δ∆ˆ2 =
∫
M
[
−(iξA
A)τ˜A − (dcA)χ˜A
]
, (A.16)
δ∆ˆ3 =
∫
M
[
−(iξA
A)τ˜A + (iεdc
A)τ˜A + (iεiξχ˜
A)τ˜A − (iεA
A)dχ˜A
]
, (A.17)
δ∆ˆ4 =
∫
M
[
−(iξχ˜
A)χ˜A + 2(iεiξχ˜
A)τ˜A − 2(iεdA
A)χ˜A
]
, (A.18)
δ∆ˆ5 =
∫
M
[
−2(iεiξχ˜
A)τ˜A − (iεiεiξ τ˜
A)τ˜A − (iεiεχ˜
A)dχ˜A − (iεiεdA
A)τ˜A
]
, (A.19)
δ∆ˆ6 =
∫
M
[
−3(iεiεiξ τ˜
A)τ˜A − 2(iεiεiετ˜
A)dχ˜A
]
. (A.20)
The last expression δ∆ˆ6 cannot contribute to ∆¯, because it has no corresponding term,
which could cancel the parameter dependence of the second term on the r.h.s. of (A.20).
Now this implies that also δ∆ˆ5 is forbidden due to the second term in (A.19). Analogously,
owing to the second term in (A.17), we have to reject δ∆ˆ3, which demands the non-
consideration of δ∆ˆ4 caused by the second term. Finally, from the fourth term on the
r.h.s. of (A.15) follows that one has to drop δ∆ˆ1 and therefore also the last expression δ∆ˆ2
does not contribute to ∆¯. Thus, we have shown the irrelevance of the terms (A.15)-(A.20).
At the end, let us remark that in our case the discussion of possible counterterms at
the level of ∆¯ = δ∆ˆ, as done in section 4, is much simpler than at the one of ∆ˆ.
References
[1] D. Birmingham, M. Blau, M. Rakowski and G. Thompson,
Phys. Reports 209 (1991) 129;
[2] A. Brandhuber, M. Langer, O. Piguet, M. Schweda and S.P. Sorella, Phys.
Lett. B300 (1993) 92;
[3] A. Brandhuber, M. Langer, S. Emery, O. Piguet, M. Schweda and S.P. Sorella, Helv.
Phys. Acta 66 (1993) 551;
[4] S. Emery and O. Piguet, Helv. Phys. Acta 67 (1994) 22;
[5] O. Piguet, On the Role of Vector Supersymmetry in Topological Field Theory, preprint
UVGA – DPT 1995/02-880;
[6] M. Abud, J.-P. Ader and L. Cappiello, Nuovo Cim. 105A (1992) 1507;
[7] J.C. Wallet, Phys. Lett. B235 (1990) 71;
[8] N. Maggiore and S.P. Sorella, Nucl. Phys. B377 (1992) 236;
Int. J. Mod. Phys. A8 (1993) 929;
[9] C. Lucchesi, O. Piguet and S.P. Sorella, Nucl. Phys. B395 (1993) 325;
16
[10] M.W. de Oliveira, M. Schweda and H. Zerrouki, Superdiffeomorphisms of the Three-
dimensional BF System and Finiteness, preprint TUW 94-22 (to appear in Hel. Phys.
Acta);
[11] L. Baulieu, C. Becchi and R. Stora, Phys. Lett. B180 (1986) 55;
L. Baulieu and M. Bellon, Phys. Lett. B196 (1987) 142;
[12] C. Becchi, Nucl. Phys. B304 (1988) 513;
[13] M.W. de Oliveira, M. Schweda and S.P. Sorella, Phys. Lett. B315 (1993) 93;
[14] A. Boresch, M. Schweda and S.P. Sorella, Phys. Lett. B328 (1994) 36;
[15] M.W. de Oliveira, Phys. Lett. B307 (1993) 347;
[16] A. Brandhuber, O. Moritsch, M.W. de Oliveira, O. Piguet and M. Schweda, Nucl.
Phys. B431 (1994) 173;
[17] A.S. Schwarz, Baku International Topological Conference, Abstracts, vol.2, p.345,
(1987);
[18] E. Witten, Comm. Math. Phys. 121 (1989) 351;
[19] J. Fro¨hlich and C. King, Comm. Math. Phys. 126 (1989) 167;
[20] S. Axelrod and I.M. Singer, Chern-Simons perturbation theory, preprint submitted
to the proc. of XXth Conf. on Differential Geometric Methods in Physics, Baruch
College, CUNY (1991);
[21] F. Delduc, F. Gieres and S.P. Sorella, Phys. Lett. B225 (1989) 367;
[22] D. Birmingham, M. Rakowski and G. Thompson, Nucl. Phys. B329 (1990) 83;
[23] C. Lucchesi and O. Piguet, preprint MPI-PAE/PTh 20/91 – UGVA-DPT 1991/04-
713, unpublished;
Phys. Lett. B271 (1991) 350;
Nucl. Phys. B381 (1992) 281;
[24] O. Piguet and S.P. Sorella, Algebraic Renormalization, submitted to “Lecture Notes
in Physics” (Springer);
[25] F. Delduc, C. Lucchesi, O. Piguet and S.P. Sorella, Nucl. Phys. B346 (1990) 313;
[26] W. Chen, G.W. Semenoff and Y.-S. Wu, Mod. Phys. Lett. A5 (1990) 1833;
[27] M. Asorey and F. Falceto, Phys. Lett. B241 (1990) 31;
[28] A. Coste and M. Makowka, Nucl. Phys. B342 (1990) 721;
[29] M. Blau and G. Thompson, Phys. Lett. B255 (1991) 535;
[30] M. Abud and G. Fiore, Batalin-Vilkovisky approach to the metric independence of
TQFT, Univ. of Napoli, preprint, September 1991;
17
[31] O. Piguet and K. Sibold, Nucl. Phys. B253 (1985) 517;
[32] K. Symanzik, Carge`se Lectures in Physics 1970, vol.5, ed. D. Bessis (Gordon &
Breach, 1972);
[33] R.U. Sexl and H.K. Urbantke in Gravitation und Kosmologie, BI-Wiss.-Verlag 1987,
ISBN 3-411-03177-8;
[34] A. Blasi, O. Piguet and S.P. Sorella, Nucl. Phys. B356 (1991) 154;
[35] J. Wess and B. Zumino, Nucl. Phys. B70 (1974) 39;
[36] J. Dixon, Comm. Math. Phys. 139 (1991) 495;
[37] O. Piguet and K. Sibold, Renormalized Supersymmetry, series “Progress in Physics”,
vol.12 (Birkha¨user Boston Inc., 1986);
[38] C. Becchi, A. Blasi, G. Bonneau, R. Collina and F. Delduc, Comm. Math.
Phys. 120 (1988) 121;
[39] F. Brandt, N. Dragon and M. Kreuzer, Phys. Lett. B231 (1989) 263;
Nucl. Phys. B332 (1990) 224;
Nucl. Phys. B340 (1990) 187;
[40] O. Piguet and A. Rouet, Phys. Reports C76 (1981) 1.
18
